The decimal logarithm of spontaneous fission half-life of the superheavy nucleus 286 Fl experimentally determined is log 10 T exp f (s) = −0.632. We present a method to calculate the half-life based on the cranking inertia and the deformation energy, functions of two independent surface coordinates, using the best asymmetric two center shell model. Spherical shapes are assumed. In the first stage we study the statics. At a given mass asymmetry up to about η = 0.5 the potential barrier has a two hump shape, but for larger η it has only one hump. The touching point deformation energy versus mass asymmetry shows the three minima, produced by shell effects, corresponding to three decay modes: spontaneous fission, cluster decay, and α decay. The least action trajectory is determined in the plane (R, η), where R is the separation distance of the fission fragments and η is the mass asymmetry. We may find a sequence of several trajectories one of which gives the least action. The parametrization with two deformation coordinates (R, η) and the radius of the light fragment, R 2 , exponentially or linearly decreasing with R is compared with the simpler one, in which R 2 =constant and with a linearly decreasing or linearly increasing R 2 . The latter is closer to the reality and reminds us about the α or cluster preformation at the nuclear surface.
I. INTRODUCTION
Superheavy (SH) nuclei, with atomic numbers Z = 104 − 118, are decaying mainly by α decay and spontaneous fission. They have been produced in cold fusion or hot fusion (
48 Ca projectile) reactions [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In a systematic study of α-decay energies and half-lives of superheavy nuclei it was shown [11] that our semFIS (semiempirical formula based on fission theory) and UNIV (universal curve) are the best among 18 calculations methods of α decay half-lives. For some isotopes of even heavier SHs, with Z > 121, there is a good chance for cluster decay modes to compete [12, 13] .
There are many sources of experimental values for half-lives, T f , of SHs against spontaneous fission, e.g., [14] . Among them we found log 10 T exp f (s) = −3.086, −0.980 for 282,284 Cn and −0.632 for 286 Fl. Calculations have been also performed with different models [15] [16] [17] [18] [19] [20] [21] [22] .
Fission dynamics with Werner-Wheeler nuclear inertia tensor [23] is not leading closer to experiment due to a too small value of inertia; we tried to improve the agreement between theory and experiment for 284 Cn by using different laws of variation of mass parameter with fragment separation distance. Better results are obtained for 282 Cn with cranking inertia [24] by assuming the most effective split to be 282 Cn → 130 P d + 152 Dy.
In the present work we continue to use the cranking inertia [25] [26] [27] introduced by Inglis [28] . This time we try to find out the least action trajectory in the plane of two independent variables (R, η), where R is the separation distance of the fragments and η = (A 1 − A 2 )/A is the mass asymmetry with A, A 1 , A 2 the mass numbers of the parent and nuclear fragments.
We assume A 1 ≥ A 2 hence η ≥ 0. Consequently both potential energy surfaces and contour plots (figures like Figs. 1, 3, 7), function of (R, η), will not have the mirror part corresponding to A 1 < A 2 .
There are two main terms in the action integral allowing to calculate the half-life: the total deformation energy and the cranking inertia, both functions of (R, η). We are using the macroscopic-microscopic method [29] to estimate the deformation energy, expressed as a sum of Yukawa-plus-exponential (Y+EM) [30] phenomenological energy, E Y +E , and the shell plus pairing corrections, δE = δU +δP based on the asymmetric two center shell model (ATCSM) [31, 32] :
We shall briefly outline the model and discuss the obtained results.
II. MODEL
A. Surface parametrization. Two deformation parameters
By choosing four independent deformation parameters R, b 2 , χ 1 , χ 2 [33] during the deformation from one parent nucleus to two fission fragments, the surface equation in cylindrical coordinates ρ, z is given by
where z c is the position of the crossing plane.
The semiaxes ratio of spheroidally deformed fragments are denoted by
The scalar, B(R), is determined by the components of the nuclear inertia tensor and the derivatives with respect to R:
When the two fragments are spheres, b 2 = R 2 , χ 1 , χ 2 = 1, meaning that
and the above equation becomes
The derivative
depends only on geometry. It is a negative quantity since R 2 decreases exponentially with R; its absolute values are rather small.
For a given mass asymmetry the final value of the radius of the light fragment R 2f =
is well determined. We assume an exponential law for the variation with R:
where R 20 = R 0 = r 0 A 1/3 is equal to the radius of the parent, and the initial and touching point separation distances are R i = R 0 − R 2f and R t = R 1f + R 2f . The radius constant in Y+EM is r 0 = 1.16 fm and k 2 = 4. We use this particular value in order to obtain R 2 (x) for
, meaning an accuracy of 1.8 %. An even larger value of k 2 would increase the accuracy but it will also increase the nuclear inertia, because the shape variation will be faster. Nuclear inertia is already too large, hence we would not like to increase it further.
Previously we took R 2 = R 2f and consequently we had only one deformation parameter,
We would also like to try two other possibilities:
(1) Linearly decreasing law from R 20 = R 0 to R 2f = R e :
(2) Linearly increasing law from 0 to R 2f = R e :
For any R 2 and R 1 , the matching condition at the intersection plane of the two spheres,
gives the solution
where z c is the distance of the intersection plane from the center of the heavy fragment.
B. Macroscopic Y+EM energy
For binary fragmentation with different charge densities, ρ 1e and ρ 2e [34] , of the Y+EM deformation energy we gave the details of calculations in Refs. [35, 36] :
where
energies corresponding to spherical shape and
. The parameters a s , κ, a c = 3e 2 /(5r 0 ), and r 0 are taken from Möller et al. [37] :
The relative Yukawa and Coulomb energies
c are functions of the nuclear shape; with axially-symmetric shapes they are expressed by triple integrals. In a similar way the Coulomb relative energy is given by
where again one can see the self-energies B c1 , B c2 and the interaction B c12 .
C. Shell and pairing corrections
The input is obtained from the ATCSM [31] ; at every pair of coordinates (R, η) we get a sequence of doubly degenerate discrete energy levels
arranged in order of increasing energy. In units ofhω 0 0 the shell corrections are determined as
with n = N p /2 particles andũ the total energy of the uniform level distribution calculated with Strutinsky's [29] procedure. Then we add the contributions from protons and neutrons
For pairing corrections we have first to solve the BCS [38] system of two equations with two unknowns, Fermi energy λ and the pairing gap ∆,
where k i = Z/2 − n + 1, k f = Z/2 + n ′ for proton levels, and
assuming that for protons Z/2 levels are occupied with n levels below and n ′ above Fermi energy contributing to pairing, n = n ′ = Ωg s /2. The cutoff energy,
The quasiparticle energy is expressed as
The pairing correction, δp = p −p, represents the difference between the pairing correlation energies for the discrete level distribution
and for the continuous level distributioñ
Compared to shell correction, the pairing correction is out of phase and smaller in amplitude, leading for η = constant to a smoother total curve δe(R) = δu(R) + δp(R), where δp = δp p + δp n .
D. Total deformation energy
After subtracting the values of deformation energy of the parent we can make the final sum
Potential energy surfaces (PES) and contour plots for spontaneous fission of 286 Fl are shown in figures 1 and 3. In figure 3 we also show with white dashed and dotted lines the minima of deformation energy at every mass asymmetry (see also the Table I ). A cut in PES at symmetry, η = 0, is plotted in Fig. 2 , where one can see not only the total energy but also the important characteristics given in Table I : first and second minima (E m1 , E m2 ), first and second barrier height (B 1 , B 2 ), and the two turning points x i , x exit , taking care to allow for a small value of zero-point vibration energy, E v , from the deepest minimum E m1 to the exit line. Two deep minima in the shell plus pairing correction energy correspond to the doubly magic fragments 132 Sn (near symmetry) and 208 Pb (at a value of η about 0.5) which are responsible for spontaneous fission and cluster decay, respectively. If we use in graphics
Fl the interval of variation will be x = (0, 1). 
Y+EM (bottom), Shell + Pairing corrections (center), and total deformation energy (top). barriers (local maximum minus the ground state minimum) and the second minimum are also given. The deepest minimum, which should be taken as the ground state corresponds to x = 0.074 η = 0.00, where E def = −3.49 MeV. Assuming zero point vibration energy E v = 0, the exit point from the barrier is also given. Initially, at η = 0, the exit point is about x exit = 0.990 (see Fig. 2 ). The existence of a two hump barrier for η ≤ 0.435 is mainly related to the importance of the two double magic fragments 132 Sn and 208 Pb. The limit observed from Table I is Table I we can see that at a given mass asymmetry up to about η = 0.5 the potential barrier has a two hump shape, but for larger η it has only one hump. This fact is related to the presence of Businaro-Gallone mountain [39] spontaneous fission, cluster decay, and α decay.
E. Cranking inertia
According to the cranking model, after including the BCS pairing correlations [38] , the inertia tensor [25] is given by where H is the single-particle Hamiltonian allowing to determine the energy levels and the wave functions |ν , u 2 ν , v 2 ν are the BCS occupation probabilities, E ν is the quasiparticle energy, and β i , β j are the independent shape coordinates.
Again we follow the procedure for proton and neutron levels and the final result is obtained by adding the two contributions. As already mentioned above, for two independent shape coordinates we have
2 . In the lower and upper panels of Also, when R 2 is decreasing exponentially, the inertia is much higher than in the case of R 2 constant. In Fig. 6 we compare the three components of nuclear inertia for symmetrical The decimal logarithm of B/m function of (R, η) is given in Fig. 7 as a three-dimensional plot. At the touching point and beyond, R ≥ R t , one should get the reduced mass: B(R ≥ R t ) = mA 1 A 2 /A. Generally speaking the values of B/m are higher where the deformation energy is low. Consequently we expect a dynamical path (Fig. 8) very different from the statical one shown in Fig. 3 with a white dashed line. 
F. Half-life
The half-life of a parent nucleus AZ against the split into a light fragment A 2 Z 2 and a heavy fragment A 1 Z 1 is given by
and is calculated by using the Wentzel-Kramers-Brillouin (WKB) quasiclassical approximation, according to which the action integral is expressed as
with B = the cranking inertia, 
The two terms of the action integral K, correspond to the overlapping (K ov ) and separated (K s ) fragments. We can use the relationship
For 286 Fl and r 0 = 1.16 fm (Y+EM) we have R 0 = r 0 A 1/3 = 7.6427 fm, R 1s = r 0 A 1/3 1s = 6.066 fm, R 2s = r 0 A 1/3 2s = 6.066 fm, R i = R 0 − R 2s = 1.5767 fm, R t = R 2s + R 2s = 12.132 fm, where the subscript s stands for symmetry (η = 0).
III. RESULTS
We started to calculate the half-life by choosing for the beginning the simplest trajectory in the plane (x, η), namely η = constant. The results are shown in Table II for four such trajectories. The zero-point vibration energy is quite high 4.2835 − 5.0220, with a minimum at η = 0.0870. From Table I the corresponding x exit should be smaller than 1.07. We continue with least action trajectory, in which the first guess for the exit point could be not far from this value of η = 0.087. In Fig. 8 we represent three fission paths, (a), (b), and (c). The least action trajectory (a) (yellow dotted line) was obtained when the radius of the light fragment, R 2 , was exponentially decreased down to the final value. In this case, in order to reproduce the experimental value of T f when using E v = 0.5 MeV, it was necessary to diminish substantially the two components, B 12 and B 22 of the cranking inertia tensor. By taking R 2 = constant (b), as in Table II , the dynamical trajectory is simply a solid straight line. The best results are obtained when R 2 is linearly increasing leading to the (c) cyan dashed-line and reproducing the experimental fission half-life with a reasonable zero-point vibration energy E v = 0.685 MeV compared to E v = 1.361 MeV for the path (c) with R 2 = constant. Even along the least action trajectory the zero-point vibration energy remains too high,
showing that this kind of parametrization with two deformation coordinates in which R 2 is varied exponentially from an initial value R 2 = R 0 to R 2 = R 2f , is not suitable. The reason is that the deepest minimum of deformation energy (Fig. 2) , determining the first turning point of the action integral, is obtained in the deformation space where the nuclear inertia (see Fig. 5 ) is too large. By trying a linearly decreasing law of R 2 we haven't got any better result, as expected.
In principle by using two independent deformation parameters instead of only one should lead to a final solution closer to reality. Best results are obtained for linearly increasing R 2 .
From our previous experience [24] , it seems that by keeping R 2 = R 2f = constant we can find a fission trajectory (a given R 2f or η) along which the reproduction of experimental half-life would be possible with a reasonable value of E v . By comparing the optimum values of zero-point vibration energy from Fig. 9 .
Perhaps besides the inappropriate shape parametrization one should also consider another reason for this discrepancy: the strength parameters of the spin-orbit ls and l 2 terms of the ATCSM are taken to obtain a proton magic number Z = 114 -exactly the case of 286 Fl.
In conclusion, with our method of calculating the spontaneous fission half-life including macroscopic-microscopic method for deformation energy based on asymmetric two-center shell model, and the cranking inertia for the dynamical part, we may find a sequence of several trajectories one of which gives the least action.
Assuming spherical shapes, we have tried four laws of variation of the radius of the light fragment from the initial value at R = R i to the final one at the touching point R = R t :
exponentially and linearly decreasing, linearly increasing and R 2 = constant.
The shape parametrization with linearly increasing R 2 is more suitable to describe the fission process of SHs in comparison with that of exponentially or linearly decreasing law.
It is in agreement with the microscopic finding concerning the preformation of a cluster at the surface, which then penetrates by quantum tunneling the potential barrier.
As far as the potential barrier shape at a given mass asymmetry, there is a transition from a two hump at lower values to one hump at higher values around η = 0.5. The dominant macroscopic component at a high mass asymmetry, comes from the presence of the Businaro-Gallone mountain.
The touching point deformation energy versus mass asymmetry shows the three minima, produced by shell effects, corresponding to three decay modes: spontaneous fission, cluster decay, and α decay.
All calculations were performed for spherical fragments (the semiaxes ratios of spheroidally deformed fragments are equal to unity). By considering in the future the deformed fragments we trust the method could be further improved. 
